We construct rapidly rotating neutron star models in scalar-tensor theories with a massive scalar field. The fact that the scalar field has nonzero mass leads to very interesting results since the allowed range of values of the coupling parameters is significantly broadened. These deviations from pure general relativity can be very large for values of the parameters that are in agreement with the observations. The rapid rotation can magnify the differences several times compared to the static case. The universal relations between the normalized moment of inertia and quadrupole moment are also investigated both for the slowly and rapidly rotating cases. The results show that these relations are still EOS independent up to a large extend and the deviations from pure general relativity can be large. This places the massive scalar-tensor theories amongst the few alternative theories of gravity that can be tested via the universal I-Love-Q relations.
I. INTRODUCTION
In the recent years, alternative theories of gravity attracted considerable interest. Compact objects, such as neutron stars and black holes, were considered in various generalizations of Einstein's theory and astrophysical implications were studied that can impose constraints on these theories (for a review see [1] ). But still very few of the examined alternative theories of gravity can pass through all the observations, do not have any intrinsic problems and still lead to large deviations in the observational properties of the compact objects [2] .
In the present paper we will concentrate exactly on one such representative, namely the scalartensor theories with massive scalar field that attracted interest recently [3] [4] [5] [6] [7] [8] [9] [10] . Scalar-tensor theories in general are assumed to be one of the most natural generalizations of Einstein's theory and that is why they were extensively studied in the literature. Moreover, the f (R) theories of gravity are mathematically equivalent to a particular class of scalar-tensor theories with nonzero potential for the scalar field. As far as neutron stars are concerned, a special attention was paid to a specific class of scalar-tensor theories which is indistinguishable from general relativity in the weak field limit but can lead to interesting strong field effects, such as scalarization and non-uniqueness of the solutions. Neutron stars in such theories with massless scalar field were considered for the first time in [11, 12] . Different aspects and astrophysical implications of these compact objects were studied in the literature mainly in the static case [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] (see also [24, 25] ). However, the recent observations of neutron stars in compact binaries have limited severely the possible range of values of the coupling parameter [26, 27] . Thus, the deviations from the pure general relativistic solutions in the static case are very small and only the rapidly rotating case leaves space for larger differences, since the rapid rotation magnifies the deviations and widens the range of parameters where scalarized neutron stars (i.e. with nontrivial scalar field) exist [28] .
We can cure this problem and achieve large differences with pure Einstein's theory for values of the parameters that are in agreement with the observations if we consider nonzero mass of the scalar field. This effectively suppresses the scalar field at distances larger than the Compton wave-length. Therefore, the observations (both weak field and the binary pulsar observations) can be reconciled with the theory for a broad set ot parameters. This was indeed shown to be true in [9, 10, 29] where neutron stars in massive scalar-tensor theories were studies for the first time. Our goal in the present paper is to extend these studies to the regime of rapid rotation which is supposed to magnify even further the deviations from pure general relativity, similar to the case of massless scalar field and f (R) theories [30, 31] . Rapidly rotating neutron star models in other alternative theories of gravity were constructed in [32, 33] .
In the present paper we will concentrate also on building universal relations for neutron stars in massive scalar-tensor theories, both in the slowly rotating and the rapidly rotating case. Our motivation comes from the fact that the EOS independent relations are usually a good tool for testing the strong field regime of gravity because the large uncertainties in the nuclear matter equation of state are taken away. We will focus on a particular type of EOS universal relations that has drawn a lot of attention recently, the so-called I-Love-Q relations that connect the normalized moment of inertia, tidal Love number and quadrupole moment [34, 35] . As a first step we will consider the I-Q relation that can give us important intuition about the problem. As a matter of fact the I-Q relation is almost indistinguishable from general relativity for the majority of alternative theories of gravity [32, [36] [37] [38] [39] [40] . The only known exceptions are the dynamical ChernSimons gravity [34, 35] and the f (R) theories of gravity [41] . Taking into account that the f (R) theories are mathematically equivalent to a particular class of scalar-tensor theories with nonzero potential of the scalar field, we can expect large deviations in the case considered in the present paper. Other types of EOS-independent relations were also well studies in the literature (see e.g. [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] ).
II. BASIC EQUATIONS
The scalar-tensor theory action in the Einstein frame has the following general form
where R is the Ricci scalar curvature with respect to the Einstein frame metric g µν , A(ϕ) controls the coupling between the matter and the scalar field 1 , and V(ϕ) is the scalar field potential. For mathematical convenience we will perform our calculations in the Einstein frame and later transform the relevant quantities in the physical Jordan frame. The Jordan frame metricg µν and the gravitational scalar Φ are given respectively byg µν = A 2 (ϕ)g µν and Φ = A −2 (ϕ).
The choice of V(ϕ) and A(ϕ) completely specifies the scalar-tensor theory and we will work with
where β is a constant and
This choice of the scalar-field potential yields a mass of the scalar field m ϕ . The particular form of the coupling function (2) is interesting because in this case the scalar-tensor theory is indistinguishable from general relativity in the weak field regime but for strong fields nonlinear effects can develop such as the so-called spontaneous scalarization [2, 12, 28] . Since our main goal in the present paper is to demonstrate the effect of rapid rotation and to study the deviations from the static case, we decided to limit our studies only to the case given by eq. (2). Moreover, other choices of A(ϕ), such as the Brans-Dicke case with A(ϕ) = e α 0 ϕ , lead to qualitatively similar results at least in the static and the slowly rotating cases [10] . The field equations can be derived from the action (1) and have the following form:
where ∇ µ is the covariant derivative with respect to the metric g µν , α(ϕ) is the coupling function defined by
and T µν is the Einstein frame energy-momentum tensor connected to the Jordan frame oneT µν via the relation T µν = A 2 (ϕ)T µν . For a perfect fluid the relations between the energy density, pressure and 4-velocity in both frames are given by ρ = A 4 (ϕ)ρ, p = A 4 (ϕ)p and u µ = A −1 (ϕ)ũ µ . More details on the relations between the two frames can be found in [28, 54] . Since we are interested in rapidly rotating neutron stars, we will concentrate on stationary and axisymmetric spacetimes as well as stationary and axisymmetric fluid and scalar field configurations. Thus the metric can be written in the following general form
where all the metric functions depend on ρ and z only. The reduced field equations are quite lengthy and we will not give them here, instead we refer the reader to [28, 31] . In addition to building and exploring equilibrium rapidly rotating neutron star models, we will study also universal relations for neutron stars in massive scalar-tensor theories and more precisely, we will focus on the relation between the normalized moment of inertia and quadrupole moment. These quantities are directly connected to the asymptotics of the metric functions given
where the quasi-isotropic coordinates r and θ defined by ρ = r sin θ, z = r cos θ are used for convenience and only terms up to r −3 order are kept. Here M and J are the mass and the angular momentum, b, ν 2 and ϕ 2 are constants and P 2 (cos θ) is the second Legendre polynomial. The scalar field decreases exponentially at infinity
Clearly the scalar charge, which is defined as the coefficient in front of the 1/r term in the scalar field expansion at infinity, is zero and does not play a role in the asymptotics of the metric functions contrary to the case of scalar-tensor theories with massless scalar field [38] . Therefore, the quadrupole moment has the same form as in general relativity [55, 56] :
The moment of inertia on the other hand, is defined in the standard way
where Ω is the angular frequency of the star. The formulas for the moment of inertia and the quadrupole moment are written in the Einstein frame but they are the same in the physical Jordan frame for the particular class of scalar-tensor theory we are using because of the exponential decay of the scalar field [38, 41] .
In the next section where we present our numerical results we shall use the dimensionless parameter m ϕ → m ϕ R 0 and the dimensionless moment of inertia I → I/M R 2 0 , where M is the solar mass and R 0 = 1.47664 km is one half of the solar gravitational radius.
III. RESULTS
In our studies we will employ three equations of state (EOS): APR, FPS and the zero temperature limit of the Shen EOS. The first one can be considered as modern realistic EOS which falls into the preferred range of masses and radii according to the observations. The Shen EOS is stiffer, the maximum mass of neutron stars reaches well above the two solar mass barrier and has larger radii. The FPS EOS is softer and it has maximum mass below two solar masses in pure general relativity. Nevertheless, it is useful in our studies since one of our goals is to check the EOS universality of the relations between the normalized moment of inertia and quadrupole moment which requires a broader set of EOS. Moreover, as we will show below, the presence of nontrivial massive scalar field significantly increases the maximum neutron star mass for a given EOS which can easily reconcile the theory with the observations. A very important point we should comment are the observational constraints on the parameters of the theory, namely on the coupling parameters β and the mass of the scalar field m ϕ . In the massless case β > −4.5, according to the observations of neutron stars in close binaries [26, 27] . The presence of nonzero mass of the scalar field can drastically change this limit. More specifically, if the Compton wave-length of the scalar field λ ϕ = 2π/m ϕ is much smaller than the separation between the two stars in the binary system, then the emitted scalar gravitational radiation will be negligible and practically no constraints can be imposed on the parameter β. If we further assume that the mass of the scalar field does not prevent the scalarizataion of the star we arrive at the following allowed range for the scalar-field mass:
This corresponds to roughly 10 −6 m ϕ 10 in our dimensionless units. A mid-range of m ϕ values can also be excluded based on arguments connected with the superradiant instability of black holes, but since there are many uncertainties in these studies we will not impose further restrictions on m ϕ in the present paper and study the full parameter space given by eq. (14) . The observational constrains are discussed in more details in [9, 10] .
For values of m ϕ falling into the rage given by (14) , β is essentially unconstrained. In our paper we have chosen to work with a particular value of β, namely β = −6, for the following reason 2 . β = −6 gives already large deviations from pure general relativity even in the nonrotating case, that are further magnified for rapidly rotating models. That is why it can give us good qualitative intuition about the problem. Moreover, the deviations from pure general relativity at the Kepler (mass shedding limit) are already huge for β = −6. Our studies show that the results for smaller values of β are qualitatively similar, only the magnitude of the deviations increases.
In Fig. 1 the mass as a function of the radius is plotted in the left panel and the moment of inertia as a function of the mass in the right panel for the APR EOS. Sequences of models for β = −6 and several representative values of the scalar field mass are plotted in the nonrotating case and for models rotating at the Kepler limit. As one can see, the results for different values of m ϕ are situated between two limiting cases -the general relativistic limit which loosely speaking corresponds to infinite mass of the scalar field 3 and the massless case m ϕ = 0. This is expected, since the scalar field mass actually suppresses the scalar field. Therefore, the effect of the scalar field mass is not that it produces on its own large deviations from Einstein's theory of gravity. Instead, the reason for the large differences is the fact that the allowed range of β is broadened significantly.
Strictly speaking the case of m ϕ = 0 in Fig. 1 is not allowed by the observations because in the massless case β > −4.5. However, our results show that the minimum possible value of m ϕ given by eq. (14) leads to neutron star models that differ only marginally from the m ϕ = 0 case. That is why we can roughly assume that for a fixed value of β, the massless case m ϕ = 0 truly represents an upper limit on the deviations from pure general relativity.
As one can see in Fig. 1 , the β = −6 case gives us already large deviations in the static case. The rapid rotation magnifies these deviations considerably and the models rotating at the Kepler limit already differ drastically from pure general relativity. This effect is even more pronounces for the rotational properties of the star, such as the moment of inertia. Such a strong increase of the deviations from pure general relativity compared to the static case was also observed in other alternative theories of gravity [28, 31] . As one can see, we have cut the rapidly rotating sequences up to a certain point in order to have a better visibility. The results show that for β = −6 in the limit of small scalar field masses the maximum mass in the Kepler limit is five times larger with respect to general relativity, compared to only 15% difference in the static case. Of course, these numbers increase with the decrease of β. Such large deviations in the equilibrium properties of the stars should lead to observational manifestations that will allow us to put constraints on the massive scalar tensor theories that are tighter that the ones given by the binary pulsar observations. Such a study is underway.
In Fig. 2 the normalized moment of inertia as a function of the normalized quadrupole moment is shown. The normalization we use is the standard one:Ī ≡ I/M 3 andQ ≡ Q/(M 3 χ 2 ), where χ ≡ J/M 2 . We have used three EOS (APR, Shen and FPS) with different stiffness and thus they can be used as a good test of the EOS universality. Sequences with fixed rotational parameter νM are plotted, where νM has dimension of kHz times solar masses. The black lines with νM = 0.3 correspond to the slow rotation limit. Again, we fixed β = −6 and examined two different values of m ϕ , namely m ϕ = 5 × 10 −3 and m ϕ = 2 × 10 −2 . The former case gives deviations close to the maximum ones 4 , and the latter one has intermediate deviations from general relativity.
We can make the following observations concerning theĪ −Q relations. The relations are EOS independent up to a large extend for fixed values of νM. The EOS universality is a little bit worse for scalar tensor theories with nonzero m ϕ compared to the general relativistic case, but the deviations still do not exceed a few percents. The most important observation though, is the fact that the differences with pure general relativity can be large for β = −6, especially for small scalar field masses, reaching above 20% as the lower panel of Fig. 2 shows. Our investigations show that these differences increase further with the decrease of β that can be used to impose constraints on the parameters of the theory as suggested in [34, 35] . The I-Love-Q relations in most of the studied alternative theories of gravity are almost indistinguishable from pure general relativity. The reason is that the normalization used in the original I-Love-Q relation seems to be good enough not only to take away the EOS dependence, but also the dependence on the theory of gravity up to a large extend 5 . The known exceptions are the dynamical Chern-Simons gravity [34, 35] and the f (R) theories of gravity [41] . As we have shown, the massive scalar-tensor theories lead also to large differences with the pure general relativistic case for values of the parameters that are in agreement with the observations. As a matter of fact, f (R) theories are mathematically equivalent to a special class of scalar-tensor theories with nonzero potential for the scalar field. That is why taking into account that it was shown in [41] that f (R) theories lead to significant differences compared with pure Einstein's theory, the results in the present paper are not surprising. What is interesting here, is that these differences can be very large for small values of β and small scalar field masses.
IV. CONCLUSIONS
In the present paper we have studied neutron stars in scalar-tensor theories with massive scalar field. We focused on a particular form of the coupling function which leads to interesting strong field effects such as scalarization and nonuniqueness of the solutions, but qualitatively similar results and large deviations from pure general relativity are expected for other choices of the coupling function as well.
We have studied both equilibrium properties and universal (EOS independent) relations for rapidly rotating models with frequencies reaching the Kepler limit. The observed deviations from pure general relativity can be very large and the rapid rotation increases the differences several times especially for some of the rotational properties of the star, such as the moment of inertia. With the increase of the scalar field mass the deviations from pure Einstein's theory decrease. Therefore, the presence of scalar field mass alone can not serve directly as a mechanism for magnifying the differences. The reason for the large deviations lies in the fact, that the mass of the scalar field exponentially suppresses the scalar field at distances of the order of its Compton wave-length which can reconcile theory with the observations for a much broader range of parameters compared to the massless case.
As far as EOS independent relations are concerned, we have focused on the relations between the normalized moment of inertia and quadrupole moment both for slowly and rapidly rotating models. Our results show that the deviations from pure general relativity can be large unlike most of the alternative theories of gravity considered in the literature, which can help us test the massive scalar-tensor theories of gravity. The normalizedĪ-Q relations are quite EOS independent for fixed values of the normalized rotational parameter, even though the deviations from EOS universality are generally larger than the pure general relativistic case.
At the end, we would like to further comment on the possible observational constraints we can impose on the massive scalar-tensor theories. As we have already discussed, the binary pulsar observations and the related gravitational wave emission can impose constraints only on the mass of the scalar field, i.e. the Compton wave-length should be less than the orbital separation between the two stars. After this requirement is satisfied we are left practically without any tight bounds on the coupling parameters. As shown in the present paper, the equilibrium properties and the universal relations for neutron stars in massive scalar tensor theories can differ dramatically from pure general relativity. This will inevitably lead to strong observational manifestations. Therefore, we will be able to set tight constraints on the parameters of the theory using the astrophysical observations. Such a study is underway.
